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ABSTRACT Recent theoretical work on the cooperative equilibrium binding of myosin
subfragment-l-ADP to regulated actin, as influenced by Ca2+, is extended here to the
cooperative steady-state ATPase activity of myosin subfragment-1 on regulated actin. Exact
solution of the general steady-state problem will require Monte Carlo calculations. Three
interrelated special cases are discussed in some detail and sample computer (not Monte Carlo)
solutions are given. The eventual objective is to apply these considerations to in vitro
experimental data and to in vivo muscle models.
INTRODUCTION
In a recent paper (1), we introduced a theoretical model (Appendix) for the cooperative
equilibrium binding of S-I (myosin subfragment- 1) to regulated actin (i.e., to the actin-
troponin-tropomyosin complex), in the presence and in the absence of Ca2,. The model was
applied to the experimental data of Greene and Eisenberg (2). Here we show how the theory
can be extended to the cooperative, in vitro, steady-state ATPase activity of S- I on regulated
actin.
This is a paper on theoretical methodology. To present the theory, we adopt illustrative
numerical parameter choices that are more or less plausible and that were suggested in part
by our preliminary experimental work. However, the actual application of the model to our
own data, with new parameters, requires more experimental work and will be the subject of a
future publication. In the meantime, we hope that the model and methods might prove useful
to other experimental groups that have done or are doing (3-5) experimental work of the same
general type.
Although the model mentioned above could be treated exactly when applied to the
equilibrium binding of S-1 and Ca2, (1), there is no hope of doing this, with complete
generality, for the much more difficult steady-state problem of interest in the present paper
without resorting to Monte Carlo calculations (6, 7). We plan to use Monte Carlo calculations
in the future, but for the present we make use of approximations or of assumptions about rate
constants that allow explicit numerical solutions.
The present problem serves as a rather complicated one-dimensional example of systems of
interacting enzyme molecules in the steady state. We have given the theoretical treatment of
such systems considerable attention in recent years (6-13).
The obvious next step in our theoretical program will be to attempt to extend the
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considerations to be outlined here to the in vivo steady-state (and transient) interaction of
actin and myosin filaments as influenced by Ca2" (i.e., to the regulation of muscle contraction
by Ca2"). The formalism (14-16) we have been using in our work on muscle models (17-19)
already includes possible variations in the concentrations of ATP, ADP, and Pi, but it does not
include Ca2" effects.
We have recently begun to consider a second, alternative model'2 for our cooperative
equilibrium binding studies. We shall not use this model here but we expect to test it, along
with the present model, in the analysis of our ATPase data. The second model assumes that
tropomyosin-troponin has only one stable position in the actin groove, rather than two.
However, this single stable position is shifted to a varying extent in the presence of Ca2" or of
the S- 1-nucleotide complex bound to actin. Therefore this model allows more flexibility in the
interpretation of nucleotide effects. Monte Carlo calculations will be needed for the coopera-
tive ATPase problem, using this model, except in the special case of section 1.
1. ATPASE ACTIVITY AT ARBITRARY ACTIN CONCENTRATION AND
VERY DILUTE S-1
In this and the following two sections, we discuss three "different" ATPase models, all based
on the same equilibrium binding model (1). Actually, the three models are logically related to
each other and overlap in ways that will be explained below. The first two models correspond
to experiments that are relatively easy to carry out. The basic rate constants used are the same
in the three models; the differences in the models are related to different experiments or
approximations.
We employ the general kinetic model for the actomyosin ATPase reviewed in reference 20.
But, for simplicity, we use here a reduced three-state ATPase cycle
R ;=±N
\ 11 ~~~~~~~~~(1)
MD
for S- I unattached to actin. The five first-order rate constants are included in Fig. 1 (the units
are s-', with CA in ,M). The notation (20) here is R M * D * PiR and N =
M * D* PiN, where M S-1, D ADP, and R and N refer to two different conformations
(refractory, nonrefractory). Other species in the complete ATPase cycle (20) are assumed
here to be transient intermediates and are therefore omitted from the cycle. To include ATP
concentration effects (3), we would have to include a fourth state (M) in the cycle. The
reverse transition R -- MD in Eq. 1 is omitted because the corresponding rate constant is
virtually zero (to be consistent with the free energy of hydrolysis of ATP). The same
three-state cycle is also used when S-I is attached to actin (Fig. 1), but the rate constants are
different. There would be no difficulty, except the addition of more rate constants, in
increasing the number of states in the cycle beyond three.
'Hill, T. L. 1981. Binding under a molecular "umbrella" as a cooperative statistical mechanical system: tropomyosin-
actin-myosin as an example. Biophys. Chem. (In press).
2Hill, T. L., E. Eisenberg, and L. Greene. Alternative model, including nucleotide effects, for the binding of myosin
subfragment-l to the actin-troponin-tropomyosin complex. Manuscript in preparation.
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FIGURE 1 Kinetic diagram and first-order rate constants in s-' for a single S-1 molecule when S-1
concentration is very low. A, B, a, and (t depend on Ca2" concentration via P2. The tropomyosin unit to
which the single S-1 may be attached is in state labeled 1 or 2. Rate constant assignments are merely
illustrative. See text for further details.
As in the previous paper (1), and as summarized in the Appendix, we assume that each
tropomyosin-troponin unit (including seven sites on the actin filament) can be in one of two
possible conformations or states, referred to as 1 (weak) and 2 (strong). There are
nearest-neighbor (pair) interactions between these units that depend on the states (1 or 2) of
the two units and on the number of Ca2, (0, 1, or 2) bound to the regulatory sites of the
troponin that is nearer the overlap region of the pair in question (1). These pair interactions
are assumed not to be influenced by the binding of R, N, or MD onto the actin sites of the two
units of a pair. Also, it is assumed that these S- I species do not interact with each other when
bound on adjacent actin sites. Binding of Ca2" to troponin is assumed to be relatively fast, and
always at equilibrium. The notation 1R, in Fig. 1, refers to one S-I molecule in state R bound
to any one of the seven actin sites of a unit in state 1.
In general, the six equilibrium binding constants for R, N, and MD onto state 1 or onto
state 2 sites might all be different (but there are only three different binding constants in Fig.
1). The five rate constants in each of the two "attached" ATPase cycles are assumed here, for
simplicity, to be uninfluenced by Ca2' binding. But such effects can easily be included, if
necessary.
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The approach that we take in Fig. 1 is to follow the "life history" of one particular S-I
molecule, as it makes transitions among nine possible states. The S-1, when unattached to
actin and in state R, N, or MD, can bind an actin monomer (or site) from an actin pool with
free concentration CA (in monomer units), and thus move to one of the six "attached" states in
Fig. 1. Because the solution (in this model) is very dilute in S-1, CA is essentially the same as
the total actin concentration cA. The actin sites or monomers belong to two classes: those in
state 1 units (fraction 1 - p2) and those in state 2 units (fraction p2). The superscript on PA
refers to the fact that this is the fraction of state 2 units in the virtual absence of S-I (i.e., for
"empty" actin); thus p2 is a cooperative equilibrium property that may be calculated from Eq.
12 of reference 1 (or Eq. 3 below) on putting c (free S-I concentration) = 0. Fig. 1 allows for
the binding of either type of actin site, with concentration CA (1 - p2) or CAP2, onto R, N, or
MD.
Binding of S- I is assumed to be diffusion-controlled in Fig. 1. Hence A and B (at six places
in the figure) include the same second-order rate constant, 5 s-' uM-'. Note the three
different dissociation rate constants (400, 200, and 4/3 s-'); hence there are three different
equilibrium binding constants, with notation and values K, = 5/400 = 0.0125 uM-', K2 =
5/200 = 0.025 uM- , K2 = 5/(4/3) = 3.75 ,M- ', respectively. Note that K2 > K, and K2 >>
K,.
The rate constants a and ,B refer to a change in state of the particular seven-site unit to
which the one S- I is attached (no other S- I will be bound to this unit, or to neighboring units,
because c 0). Detailed balance in any of the three triangles in Fig. 1 requires that
al = 2S, S-pl/( - p2). (2)
S is a property of "empty" regulated actin; the factor of two is the ratio K2 /KI for S- I binding.
The extra factor of 150 in the MD triangle arises from the larger binding constant of MD to
state 2; this equilibrium factor is "split" symmetrically between the two rate constants a and ,B
(Fig. 1). This particular split is plausible but arbitrary. Detailed balance is also satisfied
within each of the six rectangles of the diagram (Fig. 1).
The ATPase activity can be followed by means of the three essentially irreversible
transitions MD -- R, 1MD -- 1 R, and 2MD -- 2R that complete the three ATPase cycles.
The sum of the rates of the latter two transitions gives the actin-activated ATP flux.
Although Eq. 2 expresses the ratio al/f correctly in terms of p', the simple kinetics implied
by the inverse rate constants a, / (at three places in Fig. 1) cannot be exact at steady state
(except when a, / -- 0; see section 3). The involvement of only a single seven-site unit in Fig.
1 amounts to a kind of "mean field" approximation. This follows because, for example, for the
transition 2R - 1R, four different rate constants would in general be involved (rather than
only one, /3), depending on whether the two nearest-neighbor units of the primary unit are in
states 11, 12, 21, or 22 (9). Furthermore, one cannot use equilibrium considerations (9) to
determine the relative weights of these four rate constants (and thus calculate ,B as an
average) because the steady-state activity within the diagram (Fig. 1) will lead to a state 2 to
state 1 ratio for the attached states (e.g., 2R to 1R) of the primary unit that does not
correspond to equilibrium for any one of R, N, or MD. This, in turn, will result in probabilities
of states 1 1, 12, 21, and 22 for the two nearest-neighbor units of the primary unit that deviate
from equilibrium values.
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To summarize: for this case, c - 0, there is cooperativity between states 1 and 2 in the
empty regulated actin, but no further cooperativity is introduced by the minimal S-I binding;
however, each bound S-1 will perturb the state 1/state 2 distribution of empty units in its
immediate neighborhood.
Explicit Introduction ofInteractions and Ca2,
We use here the model and notation of the previous paper (1). Details are given in the
Appendix. The interaction parameters Yj(p), for an ij pair of units (i, j = 1, 2), depend on the
Ca2" concentration p. The intrinsic equilibrium constant (1) favoring a state 1 unit over a
state 2 unit, in the absence of S- 1, Ca2+, or neighbor interactions, is L. The explicit expression
for p'(p) in Eq. 2 is (1)
P02(P) =2a Y-' 1/ (I 1-a +
sF3 [(1 - a)2 + 4aY']2 (3)
y Y I (p) Y22(p)/ Y12(p) Y21(P)
a Y22(p)/LYui(p) I/L'(p). (4)
These equations refer to regulated actin in the absence of S-1 but at an arbitrary concentra-
tion p of Ca2+.
Equilibrium binding studies (1) of MD, or other forms of S-1, on regulated actin can
provide values of Y(p) and L'(p). According to the model we are using here, these parameters
are properties of the regulated actin at p, but they should be independent of the form of bound
S-I used to determine them. From this point on, in the present paper, we shall confine
ourselves to the limiting Ca2, concentrations p - 0 and p -- 00, and assume that we have
available, from binding studies, values of Y(0), Y(oo), L'(0) and L'(oo). Hence, we can
calculate p2(0) and p'(oo) from Eq. 3, and then S(0) and S(oo) in Eq. 2.
In both of the relations (Eq. 2)
a(0)/:(0) = 2S(O), a(oo)/3(oo) = 2S(oo), (5)
the "intrinsic" (see above) value of the a/lf ratio is 1 /L. If we form the product
[a(0)/a(oo)] [f3(oo)/f3(O)] = S(O)/S(oo), (6)
both L and the S-1 factor K2/K1 = 2 cancel out, so that the right-hand side of Eq. 6 can be
associated with Ca2+ and interaction effects alone. At this point we assume, as usual, that
these effects are split symmetrically between a and ,3. That is, we assume
a(0)/a(oo) = 3(oo)/f3(0) = [S(0)/1S(o)] 1/2 (7)
Thus, if we assign a value to a(0), as an arbitrary reference rate constant, we can then
calculate,(0) from Eq. 5, a(oo) from Eq. 7, and fA(oo) from Eqs. 5 or 7. Because these four rate
constants relate to a conformation or state change of the long tropomyosin complex, it seems
reasonable to expect that their magnitudes are fairly small. But there is a practical limit to
this: c/Bz a(oo) should not be less than the rate of activation of muscle tension and p(O)
should not be less than the rate of relaxation of tension. These rates are of order 10-20 s-'. A
value for the reference constant a(0) of 1 s-' would not be too small (see below).
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Numerical Calculations
As a numerical example, we take L'(0) = 30, Y(O) = 5, L'(oo) = 4, Y(oo) = 1. These values are
based on preliminary binding experiments at low salt. They give (Eq. 3) p2(0) = 6.985 x 1o-3
and p2(oo) = 0.20. Thus, in the absence of Ca2+, L' is larger (favoring state 1 more), and the
cooperativity is stronger (1). Of course, with c -- 0, as in this section, the cooperativity is in
the empty actin and is not noticeable in the flux (Fig. 2). To complete the set of rate constants
in Fig. 1, we have to assign values of cA and a(0) [from which we calculate a(oo), fp(0), and
,8(mo)]. Then, for each of the two Ca2+ cases p = 0 and p = 00, which affect a, A3, A, and B in
Fig. 1, we solve (by computer) nine linear algebraic equations (16) in nine unknowns to find
the steady-state probabilities (PR, etc.) of the nine states in the kinetic diagram (Fig. 1). The
total ATP flux (in s-') per S-I molecule is then most easily found from (Fig. 1)
J = 10PMD + 1,000(PIMD + P2MD)- (8)
The non-actin-activated flux (1 OPMD) is usually negligible.
We have calculated curves J(cA), for p = 0 and p -= o, choosing a(0) = 0.01, 1.0, 10.0, and
100.0 s-'. When a(O) is 1.0 s-', we find A3(0) = 71.1, a(oo) = 5.96, and ,3(oo) = 11.92 s-'.
These constants all vary proportionally when the value of a(0) is changed. Fig. 2 shows curves
of J(cA) at p = 0 and p = oo and for a(0) = 0.01, 10.0, and 100.0 s-'. In the a(0) = 0.01 s-'
case, the maximum values of J(CA -- o) are 1.05 s-' for p = 0 and 14.5 s-' for p = 00. The
separate points near the a(0) = 0.01 s-' curves are for the case a(0) = 1.0 s-'. The differences
between a(0) = 0.01 and 1.0 s-' are small.
The problems posed in the next two sections are difficult to treat unless we assume a, A
150 <~ 10
Ci 100IL -0 ENo Ca 10
.,.. . 50... 100.. O 200 2u0
FIGURE 2 Calculated ATP flux J (per S-I) as function of actin monomer concentration CA, at high Ca2"
(p = o) or low Ca2" (p - 0), as calculated from the diagram in Fig. 1. Four choices are made for a(O), in
s-'. The six isolated points are for a(O) = 1 s-'. See text for further details.
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0. In this section, the realistic choice a(O) = 1 s-' practically amounts to a, A - 0 (see above).
This suggests but does not guarantee that the use of a, B- 0 in the next two sections may also
be effectively consistent with observed rates of activation and relaxation of muscle tension.
2. ATPASE ACTIVITY AT ARBITRARY S-I CONCENTRATION
AND VERY DILUTE ACTIN
This case is the opposite of that in the preceding section. Because very little actin is present
(cA -- 0) virtually all of the S-I is free, with concentration c, and, furthermore, the fractions
PR, PN, and PMD of subspecies R, N, and MD in this free S-I pool can be calculated from Fig.
3a alone (i.e., the binding to actin hardly perturbs the steady-state pool).
It is natural in this case to consider the kinetic diagram of an actin site (Fig. 3 b) rather
than of an S- I molecule (as in Fig. 1). However, this diagram is unrealistic because the seven
sites of a unit necessarily change state (1 2) together, and also it is necessary to take into
account the possible states 11, 12, 21, and 22 of the two nearest neighbor units. In fact, a
Monte Carlo treatment of a long linear array of seven-site units is required to handle this
problem exactly.
However, if the units are assumed to change state slowly compared to the rates of the other
transitions, then the problem becomes tractable and can be treated without further approxi-
mation. We make this assumption here; comments on its possible validity were made at the
end of the preceding section.
We now approach the problem as indicated schematically in Fig. 3 c. Each of the seven sites
of a unit, say in state 1, is able to achieve an independent steady state among the states 10, 1R,
IN, and 1MD (because 1 -- 2 is slow). There is a particular rate constant a(n), for 1 -- 2,
associated with any distribution n no, nR, nN, n,mD of the seven sites (no + nR+ nN + nMD =
20N M D10 2M0
60 00015 a
(a) ( 20
10 (c)
10 20
1 R 2 M DcpH 400 5) 43
1R ~~~~~~~~~~~~~~~~~~~400 S-pMU4 200 5cpM,i
30 5cpr, It400 30 I)b llt1200 100
1R 1MD 2R1 2MD
90 1N 0001,5 90 2N 00o1
(b) 2R (d)
FIGURE 3. This case corresponds to very low actin concentration, but arbitrary S-1 concentration. (a)
Kinetic diagram for an S- I molecule in solution. (b) Kinetic diagram for a single actin site. 0 refers to an
empty site. (c) Schematic treatment of a unit of seven actin sites when a and ,8 are small. Each site of a
unit in state I or in state 2 comes to an independent steady-state distribution within the diagrams shown in
(d). See text for further details.
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7) among the four states (0 refers to an empty site). Let P,(n) be the probability of such a
distribution for a state 1 unit. Then a in Fig. 3 c is an average over all possible distributions:
a = >a(n)P1(n), (3 = >1(n)P2n). (9)
n n
The analogous expression for ,3 is also given here. If a/l3, an effective equilibrium constant, is
calculated under the proper conditions (see below), nearest-neighbor interactions between
units can also be included in the model without approximation. In essence, at steady state,
because I 2 transitions are relatively slow, there is an equilibrium distribution between the
two types of units, including interactions between neighboring units (an equilibrium Ising
problem), while within each type of unit there is a steady-state distribution among the four
states 0, R, N, and MD (determined from Fig. 3 d). This, incidentally, is just the reverse of
the usual situation in biochemical kinetics (16, 21) in which we have a steady-state
distribution among states, each of which is assumed to be in internal equilibrium.
To exploit this point of view explicitly, we begin with a closely related equilibrium problem.
If the three irreversible transitions MD -- R are omitted from Figs. 3 a and c, we have a
three-state equilibrium binding system that is a generalization of the model treated in
reference 1. The fraction of state 2 units (Eqs. 3 and 4) is
P2= 2aY-'//F (I - a + F, (10)
a function of Y and a only. Here a is given by
a = (1 + 2K2c + K2c)7/L'(p)(1 + 3K,c)7. (11)
The K's are the binding constants of S-1 introduced in the previous section. This generaliza-
tion of Eq. 17 of reference 1 follows immediately from the properties of subsystem grand
partition functions (22). The physical significance (1) of a is that this is the equilibrium
constant, per tropomyosin unit, for the transition 1 2 between a filament with all units in
state 1 and a filament with all units in state 2.
In order to relate Eq. 11 to the steady-state problem, we now examine this equilibrium
equation from a kinetic point of view. Because a is an equilibrium constant, we can also
rewrite it formally as a rate constant quotient:
a = a/0 = (aol/fo)(I + 2K2c + K2c)7/(1 + 3K,c)7
aO/flo = 1/L'(p). (12)
Thus, ao/f(o is the quotient in the absence of S-I binding (c = 0, as in Eq. 4). We now show
that Eq. 12 follows from Eq. 9. This will serve to check the validity of Eq. 9 and will also
provide a framework for the analogous steady-state calculation.
For an arbitrary distribution n (see above),
a(n) = ao(K2 /IK )f(nR+nN) (K2/K1) ffMD (13)
:(n) = .(KI I/K2')D-f (nR+nnN) (K1/K2)(1-f)nMD (14)
P,(n) = 7! p"p piJRPiN MD no!nR!nN!nmD! (i = 1, 2) (15)
BIOPHYSICAL JOURNAL VOLUME 35 1981106
wheref is the kinetic split factor (8) and the p's are equilibrium binding probabilities (22):
Plo 1/(1 + 3K,c), PIR = PIN = PIMD = KICI(l +3Kic)
P20 = 1/(1 ± 2K'2c + K2c), P2R = P2N = K2C/(1 + 2K2C + K2C)
P2MD= K2C/(I + 2K'2c + K2C). (16)
The justification of Eqs. 13 and 14 is as follows. The factors ao and (3O are the rate constants in
the absence of S-I binding. Binding of a single R or N onto a unit alters the relative
thermodynamic stability of state 2 compared to state 1 by a factor K2/K1, and binding of an
MD introduces a similar factor K2/KI. These binding free energy effects will also appear as
correction factors in the rate constants, (K2/K,) f in a and (K/K2)'-f in #, etc. In the absence
of other information,f might be taken asf = 1/2 ("symmetrical split").
If we now substitute Eqs. 13-15 into Eq. 9, we obtain
a = a0[P,0 + (K2/K1)f(PR + PIN) + (K2/K){PlMD]7 (17)
= 30[P20 + (KI/K2) (P2R + P2N) + (K1/K2)'fP2MD]7. (18)
Finally, on introducing the equilibrium Eq. 16 into these expressions, we recover Eq. 12 (for
arbitraryf ), as was to be proved.
We turn now to the steady-state version of Eq. 12. Eqs. 9, 13, and 14 apply at steady state
as well as at equilibrium. Eq. 15 also applies at steady state, as shown on page 153 of reference
16. Hence Eqs. 17 and 18 are again obtained, at steady state, but now the p's (two separately
normalized sets) are to be found from the two independent steady-state diagrams in Fig. 3 d.
In this figure, c is the total free S-I concentration whereas PR' PN' and PMD (pool fractions)
follow from Fig. 3 a (in fact, PR = 0.735,PN = 0.241,PMD = 0.0241). The two sets of p's from
Fig. 3 d must be calculated (by computer) for each value of c. However, these sets are not
dependent on the value of p.
From Eqs. 17 and 18, we now have, in place of Eq. 12,
a = a/,8 = [117/L'(p) [2]7 (19)
where the brackets, which depend on c but not on p, are those in Eqs. 17 and 18. In our
calculations below we usef = '/2; also K2/KI = 2 and K2/KI = 300 (see above). Thus, in
summary, we have made use of a kinetic argument in order to generalize a in the equilibrium
Eq. 11 to the steady-state case of interest here. This steady state a may be used in Eq. 10 to
obtain P2 because of the quasi-equilibrium nature of this model, as explained above.
Only the actin-activated ATP flux Ja (per actin monomer) is of interest here. This is given
(in s-') by
Ja = 1,000[(1 - P2)PIMD + P2P2MD]- (20)
Incidentally, the fraction of actin sites (either state) occupied by S- I (in any form) is
0 = (1 - P2)( - PIO) + P2(0 -P20). (21)
Numerical Calculations
Fig. 4 a shows Ja, P2.and 0 as functions of c for the p = oo case, whereas Fig. 4 b gives the same
functions in the absence of Ca2+ (p = 0). The maximum value of Ja (c -- oo), in both figures, is
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FIGURE 4 (a) Calculation of actin-activated flux J. (per actin monomer) as function of S-I concentra-
tion c at high Ca2" and low actin concentration. See text. (b) Same as (a) except at low Ca2,
concentration. The dotted curve is from (a), for comparison. The fraction of occupied actin sites is 8; P2 iS
the fraction of units in state 2. See text.
J. 60 s-'. Because of the much larger rate constant for 2N - 2MD (1,000 s-') than for
IN -1lMD (1 s-'), Ja is strongly dependent on P2. In Fig. 4 a (p = ), P2 has a significant
value (0.20) even at c = 0, whereas P2 = 0.007 at c = 0 in Fig. 4 b (p = 0). These initial values
of P2 (i.e., p2) are determined roughly (1) by 1 /L'Y. Most of the initial flux (near c = 0) in Fig.
4 a comes from 2MD whereas, because P2 is so small, it comes from 1MD in Fig. 4 b. The P2
curve falls on top of the J. curve in Fig. 4 b, for c < 50 ,uM. Appreciable flux in Fig. 4 b (p =
0) is delayed to larger values of c after state 2 and, in particular, 2MD achieve some
significant population. As c increases, state 2 eventually dominates over state 1, overcoming
the L' handicap, because K2, K2 > KI. There is considerable cooperativity evident in Ja in Fig.
4 b because Y = 5 (positive cooperativity). The J, curve from Fig. 4 a is included (dotted) in
Fig. 4 b for comparison. At low c (S-1), the presence of Ca2' enhances the actin-activated
ATPase rate (Ja) considerably in this numerical example.
It is instructive to compare with the steady state the equilibrium binding of either MD or of
an R, N mixture, using the above L' and Y values. In Eq. 11 we put either K2 or K2 equal to
zero, respectively, and replace 3K,c by K,c or 2K,c, respectively. The former case corresponds
to that studied in reference 1. We find for equilibrium MD binding (1) that, at P = , P2
reaches the value 1/2 when c = 0.059 ,M (0 = 0.091) and that P2 = 'k, at p = 0, when c = 0.168
,uM (0 = 0.194). These concentrations are much lower than the P2 = 1/2 values of c = 17 JAM
(p = oo) in Fig. 4 a and c = 80 gM (p = 0) in Fig. 4 b. On the other hand, for equilibrium R, N
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binding (which is 150 times weaker than MD binding), P2 = '/2, at p = 00, when c = 11.2 ,M
(0 = 0.289) and P2 = 1/2, at p = 0, when c = 66.8 ,uM (0 = 0.698). These c values are of the
same order of magnitude as in the steady-state case. This corresponds to the fact that, in the
steady-state computer results at P2 = 1/2, for both p = oX and p = 0, the 1MD and 2MD terms in
Eqs. 1 and 2, in Eq. 19, are relatively unimportant.
3. ATPASE ACTIVITY AT ARBITRARY ACTIN AND S-1
CONCENTRATIONS
In this section we combine features of the two preceding sections in order to treat steady-state
ATPase activity at arbitrary actin and S-I concentrations. Because S-I is the enzyme
molecule, we use a kinetic diagram for the states of S- I (as in section 1), and regard actin as a
ligand. But to make the model tractable, we assume that a and a (Fig. 1) are very small (as in
section 2). (See also the last paragraph of section 1.) We can then use the steady-state
generalization of a in section 2 to handle nearest-neighbor interactions between units without
further approximation.
Each S-l molecule in the solution behaves kinetically according to the diagram in Fig. 1
except that (a) a and 3 are very small and (b) A and B have to be redefined (see below) to take
into account an arbitrary amount of S-I binding on the pool of actin sites. Thus the S-I
molecules maintain a relatively "fast" steady-state distribution among the nine states in Fig. 1
(with a, A transitions omitted), against a background (or pool) of slowly changing tropomyo-
sin-actin units (on which there is an arbitrary extent of S-1 binding) that are in quasi-
equilibrium between states 1 and 2. The necessity that these two aspects of the model (fast
steady state; quasi-equilibrium) have to be self-consistent requires an iteration procedure in
the numerical calculations (see below).
We turn now to the details. The total concentration of S- I is Ce and of actin (monomers) is
cA. Let 0, be the fraction of state i (i = 1, 2) actin monomers (or sites) occupied by S-I
molecules. The total concentration of state 1 actin monomers is (1 - P2)cA and the
concentration of empty state 1 actin sites is (1 - P2)(i - 01)cA. Similarly, the concentration of
empty state 2 actin sites is P2(i - 02)CA. These are the actin sites (free actin) available for
binding to S- 1. Thus, in Fig. 1, we use for A and B:
A = 5(1 - P2)(1 - 801)c', B = 5P2( - 02)C' (22)
The probabilities of the nine states in Fig. 1 (a = = 0), normalized to unity, are denoted
PR, ... ., P2MD. These, of course, depend on A and B. The concentration of state 1 actin sites
occupied by S-l can be expressed in two ways (in terms of actin or of S-1), and similarly for
state 2. Thus we have
(1 - p2)A,CA = (PIR + PIN + PIMD)C
P202CA = (P2R + P2N + P2MD)C * (23)
The sum of these two equations gives the total concentration of actin-S- 1 complexes:
CA - CA = e - C = C(I - PR - PN - PMD), (24)
where CA and c are the free concentrations of actin and S- 1.
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Each site of a state 1 unit may be in one of four states, designated 10, 1R, IN, 1MD, with
normalized probabilities (we need different notation than in the second section) ql0, .. , q1mD.
The corresponding four probabilities for a state 2 actin site are q20, . q2MD. These can be
written in terms of quantities already introduced:
qi0 = 1 - Oi, qiR = 0AIPIR/(PiR + PiN + PiMD) (i = 1, 2) (25)
with similar expressions for qiN and qiMD.
From the same considerations as in the preceding section (Eqs. 12-19), we arrive again at
Eq. 19 for a, with the brackets in Eq. 19 given by Eqs. 17 and 18, except that here we replacep
by q and putf = 'A. Eq. 10 then gives P2(a, Y).
The a priori parameters that enter the present problem are the numerical rate constants in
Fig. 1 (with a, ( = 0) together with c°, cA, L'(p), and Y(p). Only the latter two parameters
depend on Ca2+. The iteration procedure we use is to: (a) guess initial values of P2, 01, and 02;
(b) calculate A and B from Eq. 22; (c) calculate the nine probabilities PR, . . ., P2MD in Fig. 1;
(d) calculate the eight q's in Eq. 25; (e) calculate a and P2 from Eqs. 19 and 10; and, finally,
(f ) calculate 6, and 02 from Eqs. 23. Steps (e) and (f ) provide new starting values for P2, 0,,
and 02. This iteration procedure is continued until convergence is obtained. However,
sometimes this simple procedure diverges; more elaborate numerical methods must then be
used to extend the range of convergence.
The total ATP flux per S-I molecule is given by Eq. 8. The actin-activated ATP flux per
actin monomer is (s-')
Ja = 1,000(PIMD + P2MD)C0/CA. (26)
Numerical Calculations
To check consistency with the model in the first section (c° 0), we have calculated J(CA) at
co = 0.1 ,uM, with p = 0 and p = Xo, and compared these two curves with J(CA) in Fig. 2 in the
case a(0) = 0.01 s-'. The results in both cases (p = 0, cc) are indistinguishable on the scale of
Fig. 2.
To compare with the second section (coA 0), where actin plays the central role in the
kinetic diagram, we have calculated Ja(c) from the present model, at cA = 0.001 ,uM, up to c =
110 ,uM for p = 0 and up to c = 75 ,uM for p = oo. The Ja and P2 values are in almost exact
agreement, as expected. Thus the three models have been shown to be self-consistent.
The present more general model can of course be used when the constant values of co and
CA, above, are not very small. For example, if the constant value of co is increased from 0.1 to 5
M, J(CA) increases by 10-1 5%, up to cA = 200 ,uM, for both p = 0 and p = X.
The calculations reveal many more details than just the ATP flux, of course, but we reserve
a discussion of such details for future cases that are more closely tied to experimental data.
APPENDIX
We outline here the elements of the cooperative equilibrium S-1 binding model (1) that is extended in
this paper to steady-state ATPase activity.
We consider a very long actin filament saturated with troponin-tropomyosin. Each tropomyosin unit,
including troponin and seven actin sites for S-1 binding, can be in one of two states: state 1, with weak
binding (constant K,) of S-1 on each of the seven actin sites; and state 2 with strong binding (constant
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K2) of S- 1. The bound S- I molecules do not interact with each other. The intrinsic equilibrium constant
for 2 1 in a hypothetical isolated tropomyosin unit, with no tropomyosin neighbors and with no bound
S-i or Ca2", is L, which favors state I (weak) over state 2 (strong) (L > 1). Each troponin has two
equivalent binding sites for Ca2" (the regulatory sites), with intrinsic binding constants K. and Kb (in
state 1 and 2, respectively). The interactions between nearest-neighbor tropomyosin molecules are of
types 11, 12, 21, and 22. These boundary interactions are modulated by the extent of Ca2" binding (0, 1,
or 2) on the two Ca2" sites of the troponin that is nearer the overlap region of the tropomyosin pair in
question. We take this to be the troponin on the right-hand tropomyosin of the pair.
State 1 is favored at low S-1 concentrations (L > 1). But state 2 dominates at high S-1 concentrations
because K2>> K,. The transition from state 1 to state 2 is cooperative for two reasons: because seven actin
sites in a unit change state as a group; and, more importantly, because of the nearest-neighbor
interactions between units.
The notation for the tropomyosin pair interactions is:
y, 3 xi, + 2Kapyll + Kap2Z11,)Y12 X12 + 2Kbpyl2 + Kbp2z12
Y21 3X21 + 2Kapy21 + KaP2Z21, Y22 X22 + 2KbPY22 + Kbp Z22, (27)
where p is the concentration of free Ca2+, and xi>, yij, zij are nearest-neighbor tropomyosin interaction
parameters. For example, X21 ew2/kT, where w21 is the 21 interaction-free energy with no Ca2+ bound
on the right-hand member (in state I) of the pair, and Y2,, z21 are corresponding parameters for a 21 pair
with one and two Ca2' bound, respectively. Incidentally, if two bound Ca2, interact with each other, this
effect can be included in the zij. The Yij's are subsystem grand partition functions (interactions and Ca2,
binding).
The composite parameters Y and a are defined in Eq. 4 of the main text. There is positive
nearest-neighbor cooperativity if Y > I and no cooperativity of this type if Y = 1. The physical
significance of a is mentioned following Eq. 11 of the main text.
For the equilibrium binding properties that can be deduced for this model, see reference 1.
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